Introduction
Holographic principle [1] states that the physical degrees of freedom of quantum gravity theory should be encoded on the boundary if phenomena related to the quantum gravity theory do not always occur inside the black hole [2] . The holographic principle was suggested by the area law of black hole entropy [3] , which was found by generalizing the second law of ordinary thermodynamics [4] , which states that entropy does not decrease in a closed system. The generalized second law of thermodynamics states that the sum of black from the Poisson bracket algebra [14] .
The recent concrete holographic study was found in the AdS 2 dilaton gravity theory [15] , in which the theory is that a dilaton field is linearly coupled to Einstein gravity theory with the Dirichlet boundary condition and the negative cosmological constant [16] . The boundary theory of AdS 2 dilaton gravity theory, the Schwarzian term is linearly coupled to the dilaton field or the Schwarzian theory, could be derived in the classical limit [17] . The Schwarzian theory is also equivalent to the one-dimensional Liouville theory [18] . The major consistency in this holographic study is that the solution of the boundary dilaton field [19] could be obtained from the bulk and boundary theories consistently [20] . The Schwarzian theory is not the conformal field theory, but the AdS 2 dilaton gravity theory could be obtained from the AdS 3 Einstein gravity theory through the compactification [21] . Therefore, the holographic study in the AdS 2 dilaton gravity theory should provide strong evidence to the AdS/CFT correspondence.
The Schwarzian term can be built on the lattice. The lattice simulation of this lattice theory was already studied through the Metropolis [22] , which is a numerical method and suffers from the ultralocal problem because one needs to smoothly transform a configuration in a site for each updating without too low acceptance in the numerical study. The lattice theory cannot have the same symmetry as the isometry of the AdS 2 metric because the perturbation at the next non-trivial order of the lattice spacing breaks the symmetry [23] . Therefore, ones reconstructed a lattice theory with the complex fields and the same symmetry as the isometry of the AdS 2 metric, and the lattice perturbation could provide the consistent result to the action of discretized AdS 2 dilaton gravity theory up to the second order of lattice spacing or boundary cut-off [23] . This lattice theory is called lattice Schwarzian theory [23] .
The non-trivial feature of lattice Schwarzian theory is that the manifest SL(2) invariant measure comes from the lattice AdS 2 induced metric [23] , 4 Chen-Te Ma which provides the AdS 2 induced metric at the non-trivial leading order with respect to the lattice spacing [17] . The technical construction is similar to the lattice Liouville model [24] . The central question that we would like to address in this article is: Could we construct the lattice AdS geometry with an exact isometry? In this Letter, we construct the lattice AdS geometry without losing the isometry as in the lattice Schwarzian theory and define the lattice embedding coordinates to rewrite the lattice AdS geometry with the manifest isometry. This lattice embedding coordinates also provide the coordinate transformations to the lattice AdS geometry without losing the isometry. Finally, we also demonstrate that the lattice AdS 2 geometry can be exactly obtained from the lattice AdS 3 geometry through the compactification without any lattice artifact. The lattice Einstein gravity theory should not be renormalizable when dimensions of spacetime are larger than two so one cannot use the experiences from the renormalizable theory to understand. Our lattice construction provides the evidence to that the lattice Einstein gravity theory in the AdS background, which is a weakly coupled theory, should have the continuum limit, which is defined by the bare cut-off, at the infrared (IR) limit, which is defined by the physical cut-off, from the perturbative way.
The direct application of the lattice geometry is the holographic entanglement entropy [25] , which state that the universal term of entanglement entropy in the boundary conformal field theory is given by the codimension two minimum surface at a given time slice in the bulk gravity theory. This conjecture of this minimum surface was shown from the geometry with the replica symmetry [26] in the bulk gravity theory [27] . This minimum surface motivates the tensor network [28] by doing the renormalization group flow in the real space through the identification between the minimum surface and the minimum number of bonds [29] . The objects of the tensor network are tensors forming a network, which provides a quantum state. One example of the tensor network is the multi-scale entanglement renormalization ansatz (MERA), which applies the lattice coarse-graining transformations to remove the local entanglement in the real space. The MERA graph can be seen as a lattice AdS space at a given time slice. The most subtle issue is the continuum limit of lattice AdS geometry since the MERA graph is topological. This continuum limit meets a no-go theorem [30] . In this letter, we use the lattice AdS geometry to construct the tensor network without the continuum limit problem. Hence our study can be seen as the first principle of the holographic tensor network from the symmetry perspective.
Lattice AdS Geometry
We first construct the lattice AdS 2 geometry and AdS 3 geometry from the lattice AdS 2 induced metric [23] . Then we show that the lattice AdS geometry can be rewritten in terms of the lattice embedding coordinates without losing the isometry for each lattice spacing and size. We compactify the angular direction in the lattice AdS 3 geometry to obtain the lattice AdS 2 geometry without suffering from the lattice artifact. Hence the lattice AdS geometry without losing the isometry can be constructed from the lattice embedding coordinates without restricting to the lattice AdS 2 geometry and AdS 3 geometry.
Lattice AdS 2 Geometry and AdS 3 Geometry
The lattice AdS 2 induced metric with the isometry for each lattice size and spacing [23] was given by
where f j ≡ t j + iz j , u j±1 ≡ u j ± a u , Λ < 0 is the cosmological constant, the coordinates t, z are defined in the bulk AdS 2 geometry and are functions of the boundary time u, and the a u is the lattice spacing in the u direction. The lattice sites in the u direction are labeled by the index j = 1, 2, · · · , n − 1, n, and the function f satisfies the periodic boundary condition f 0 = f n+1 . The number of lattice points is denoted by n. Because the AdS 2 spacetime interval is:
Chen-Te Ma 1 Λz 2 dx + dx − , where x + ≡ t + iz and x − ≡ t − iz, the lattice AdS 2 spacetime interval can be written as:
) . The lattice AdS 2 spacetime interval has the similar form to the lattice AdS 2 induced metric so the lattice geometry still preserves the isometry for each lattice spacing and size as in the AdS 2 geometry. Because the lattice spacetime interval at each point is defined by two adjacent lattice points, the lattice spacetime interval depends on a choice of two adjacent lattice points. In other words, the lattice spacetime interval at each point depends on relations between the coordinate t and the coordinate z. One can choose m 1 , m 2 , m 3 , m 4 = 1, 0, −1.
From the construction of the lattice AdS 2 geometry, we can quickly extend the construction to the lattice AdS 3 geometry without losing isometry for each lattice size and spacing. The lattice AdS 3 induced metric at a given time slice is defined by h xx,3l,j ≡ 1 Λa 2
, where f j ≡ x j + iz j and x j±1 ≡ x j ± a x , when the coordinate z is the function of the coordinate x. The function f j does not necessary to satisfy the periodic boundary function. If one wants to consider that the coordinate x is a function of the coordinate z, one only needs to replace x j±1 = x j ± a x with z j±1 ≡ z j ± a z and also replace a 2 x with a 2 z in the lattice AdS 3 induced metric at a given time slice. The AdS 3 metric is:
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, g l,+−,j,k,l,m3,m4,m5,m6
Lattice Embedding Coordinates
We construct the lattice embedding coordinates in the lattice AdS 2 geometry and AdS 3 geometry to demonstrate the manifest isometry for each lattice spacing and size.
2.2.1. Lattice AdS 2 Geometry. The lattice embedding coordinates of the lattice AdS 2 metric are defined by that −X 2 1,j,k − X 2 2,j,k + X 2 3,j,k ≡ 1/Λ for each index j and k. We can show the lattice AdS 2 metric from these 
= ∆s 2l,j,k,m1,m2,m3,m4 2 , (2.5) in which we used:
This shows that the lattice AdS 2 geometry manifestly preserves the isometry SO(2, 1) from the lattice embedding coordinates for each lattice spacing and size. 
Lattice AdS
= ∆s 3l,j,k,l,m1,m2,m3,m4,m5,m6 2 , (2.7) in which we used:
This lattice embedding coordinates also manifestly demonstrates the isometry SO(2,2) in the lattice AdS 3 geometry. 
Compactification
We can also choose the lattice embedding coordinates:
where ρ j,k,l > 0, 0 ≤ τ j,k,l < 2π and 0 ≤ θ j,k,l < 2π, in the lattice AdS 3 metric. Therefore, we obtain the lattice AdS 3 spacetime interval ∆s 3l,j,k,l,m1,m2,m3,m4,m5,m6
× cos(θ j+m1,k+m2,l+m3 − θ j+m4,k+m5,l+m6 ) . Chen-Te Ma
When we compactify the θ direction, we obtain the lattice spacetime interval [21] :
∆s 2l,j,k,l,m1,m2,m3,m4,m5,m6
and the lattice dilaton field φ j,k,l,m1,m2,m3,m4,m5,m6
(2.12)
The lattice spacetime interval ∆s 2l,j,k,l,m1,m2,m3,m4,m5,m6 2 can also be rewritten in terms of the lattice embedding coordinates with the manifest isometry SO(2, 1) without suffering from the lattice artifact. Hence we obtain the lattice AdS 2 spacetime interval from the lattice AdS 3 spacetime interval through the compactification for each lattice spacing and size.
Although we only wrote the construction of the lattice AdS 2 geometry and AdS 3 geometry, the generalization should be straightforward from the lattice embedding coordinates.
Application to Tensor Network
We first calculate the codimension two AdS 3 minimum surfaces at a given time slice from the perturbation with respect to the lattice spacing. This provides a well-defined perturbation limit around the minimum surface on a lattice, and then we use the minimum surface to discuss the holographic tensor network [29] .
AdS 3 Minimum Surface
The lattice area A AdS3l is given by
where n A is a number of lattice points in the lattice area A. This lattice area is invariant under the isometry of AdS 3 metric for each finite lattice spacing and size.
We solve the minimum surface equation δA AdS3l /δz j through the perturbation z = z 0 + a 2 x z 2 + · · · . The solution z(x) up to the second order of lattice spacing satisfies
The perturbative solution z(x) can be solved exactly
If one puts the cut-off δ, which satisfies δ 2 /L 2 ≪ 1, to the interval as x = L − δ, where δ, one can find that This should imply that the perturbation study should require the limit
Hence ones should require the other limit a 2 x L/δ 3 ≪ 1 to do the perturbation to study the center charge [25] on the lattice. These limits show that the cut-off on the interval δ cannot be at the same order of lattice spacing a x . If one only wants to do the perturbation to get the minimum surface, we only require the limits, δ 2 /L 2 ≪ 1 and a 2 x /δ 2 ≪ 1. The remaining limit, a 2
x L/δ 3 ≪ 1, helps us to obtain the lattice correction to the universal term [25] . Using the lattice perturbation to construct the tensor network in AdS 3 background also requires the limit to obtain a consistent study.
Holographic Tensor Network
Without meeting the problem of continuum limit [30] , we use the different identification between the lattice AdS 3 geometry and tensor network. Here we only consider the leading result but still follows the same limit as in the lattice perturbation.
We first consider a horizontal line, z j = z 0 for each j, in the AdS 3 metric. Thus, the length of the horizontal line is:
in which we define that the total length of the horizontal line is 2(L − δ). Then we define that the the length of the horizontal line in the tensor network 
z 0 = ǫ is the cut-off of z, and L 1 is a horizontal proper length for each bond. We assume that |γ AdS31 | = |γ ts1 |, and then we obtain L 1 = a x . If one considers the continuum limit a x → 0, one obtains L 1 → 0, and a number of bounds in the horizontal line should go to infinity. Now we discuss the renormalization group flow. The renormalization group flow begins from the boundary point z 0 = ǫ to the bulk point, z m = k m ǫ, where k ≡ 1 + ǫ, and m is a positive integer, in the tensor network. Because we only study the leading order correction of lattice spacing a x , we
Naively, the operation of renormalization group flow needs the number of steps
Indeed, this number of operation is strange. When we only consider that the length of interval shrinks to zero, the number of operation should vanish, but the number of operation that we defined can always be infinity under the continuum limit a x → 0. Therefore, we consider the number of operation from the length 2L to the length ǫ, 2 log k (2L/ǫ). We relate this number of operation to the number of bonds in the geodesic line (the number of bonds in the geodesic line)
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The length of the geodesic line in the tensor network should be defined by:
|γ ts2 | ≡ L 2 · (a number of bouds in the geodesic line)
where L 2 is a vertical proper length of the bonds in the tensor network.
The length of a geodesic line in AdS 3 metric is
If we assume |γ ts2 | = |γ AdS32 |, we obtain L 2 = (ln k)/ √ −Λ. When we take the limit ǫ → 0, we obtain k → 1. Therefore, we get L 2 → 0. The above identification between the tensor network and lattice geometry provides the continuum limit to the tensor network.
Outlook
We constructed the lattice AdS geometry without losing the isometry. Because the lattice AdS 2 induced metric provided the lattice Schwarzian theory at the classical limit [23] , which has the continuum description, and the lattice AdS 2 geometry can be obtained from the higher dimensional lattice AdS geometry through the compactification without suffering from the lattice artifact, and the lattice AdS metric does not depend on the angular variables, we conclude that the lattice Einstein gravity theory in the lattice AdS background should have the continuum limit at the IR limit. From the lattice embedding coordinates, it is easy to give the Lorentzian lattice AdS metric without restricting to a study of the Euclidean lattice AdS metric. We can only take the continuum limit in the time direction without the continuous space and apply the study to the Hamiltonian formulation on a lattice. It should be interesting to study the application of tensor network in the holographic renormalization group flow [29] and the lattice correction in the holographic study [2] . The lattice construction also has generic applications because the construction is not restricted to the lattice AdS background,
